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An equational theory i; a theory all of whose axioms are of the form s = t, where 
S, t are (open) terms. Such theories have been of interest in universal algelbra, nd 
John Isbell asked us if there is an undecidable finitely axiomatized equational theory 
for which every finitely generated model is finite. He pointed out that Ershov had 
obtained the decidability of the equational theory of Boolean algebras, which is a 
primary example of a theory every finitely generated model of which is finite. 
Let T be the equational theory with one binary operation l and the constant 0, 
whoseaxiomsare(x~y)~z=x*~~z),(x*y)~x=O,O~x=O,x~O=O.Weshow 
that T is such a theory. 
Lemma 1. Every model of Tgenerated from I< n elements ha; power at most the 
number of sequences of elements of { 1,2, . . . . n) of length 0 < k G 2 n. 
Proof. Obvious. 
TO show that T is undecidable, it obviously suffices to show that T’ is undecid- 
able, where T’ is the same as T, except he language isexpanded to include 1,2. 
Now let K be the theory with one binary relation symbol R, and the single 
axiom h, R(x,x). Let d = (A,R). We presently define a structure SQ * l= T’ as 
follows. Let 0, 1,2, xa, a E A be symbols. The domain of sQ* will be the expressions 
0, 1,2, x,, Ix,, xa 1, for a EA. The interpretation of the constant symbols 0, 1,2 
will be 0, 1,2, and the interpretation of l will be given in table 1. Choose 2 if 
R(a,b); 0 if not. 
Lemma2.If AkKthen&* l=T’. 
Proof. By inspection. 
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Table 1 
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. I 0 1 2 Xb 1Xb Xbl 
0 
1 
2 
xa 
lx, 
xal 
0 0 0 0 0 0 
0 0 0 1Xb 0 0 
0 0 0 0 0 0 
0 X&l 0 0 
0 0 
2 
0 
0 0 0 0 0 0 
0 
0 0 2 
Lemma XLet A I= K. dn d*,R(Q,b) *xa ‘(1°xb)=2,(~a)01=xa)t,1*yPo~ 
Proof. Again by inspection. 
For structures 9 in the language ofT’, let 93 - be the structure (A, R), given by 
A={xEdom@): l~x#O},R={(x,y):x,yEdom(~),x*(l*y)=2,and 
x #Yl. 
Lemma4.If AkKthen 94*-e 94. If c10 is in the language of T’, then 30- + K. 
Proof. By Lemma 3. 
Lemma 5. There is a recursive function f which maps sentences in the language of K 
to sentences in the languages of T’, such that 33- /= p qf 9 k f (tp). 
Proof. Standard. 
Lemma 6. K j- cp ifand only if T’ j-f(q). 
Roof. Suppose K t cp, and let c10 be in the language of T’. Then by Lemma 4, 
W’ I= K, and so by Lemma 5, c10 t= f(p). Hence T’ tf(cp). 
Suppose d h K, ~4 k - cp. Then SQ *- I= cp iff SQ * I= f(p), by Lemma 5 l Hence 
OQ k cp iff SQ * + f(p), by Lemma 4. So gQ* k - f(& By Lemma 2, sQ* k T’. 
Theoreml.Thetheory(x*y)*z=x*(j+, (x*y)*x=O, 0*x=0, x*O==O 
ib an example of an undecidable finitely axiomatized equational theory for which 
every finitely generated model is finite. 
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Proof. Combine Lemma 6 with the known undecidability of the theory K. 
As a complement to Theorem 1, we observe below that if 7’ is a finitely axiom- 
atized equational theory for which every finitely generated model is finite, then the 
set of equational consequences of T is recursive. This is an obvious consequence of
Theorem 2, which is considerably more general. 
. 
lLemma 7. Let T be an arbitrary set of quantifier jke formulae, cp a quantifier free 
formula (in the language oj’ T). Then cp is a consequence of T just in case cp holds in 
all finitely generated models of T. 
Proof. Suppose gQ k T, SQ # p. Let 73 be the substructure of SQ generated by some 
sequence of counterexamples to rp. Then 58 # 9. Since T is quantifier free, 5U F T. 
So cp does not hold in all finitely generated models of T. 
Theorem 2. Let T be an qrbitrary set of quantifier free formulae involving finitely 
many unlogical symbols, and assume that the set of finite models of T is a recursive 
set of finite structures. If every finitely generated model of T is finite, then the set 
of quantifier free consequences of T is recursive. 
Proof. By Lemma 7, the quantifier free consequences of Tare precisely the quanti- 
fier free formulae which hold in all finite models of T. By the hypotheses on T, this 
means that the set of quantifier free consequences of T is co-recursively enumerable. 
By the completeness theorem, the set of quantifier free consequences of T is recur- 
sively enumerable. Hence the conclusion follows. 
